Level repulsions of bulk acoustic waves in two-dimensional composite materials and phononic crystals are analyzed in this paper. Detail dispersion curves and displacement fields (polarizations) of bulk acoustic modes in the k (wave vector) space around the region of level repulsion are calculated and discussed. We show that some cross points of the modes that appear in the dispersion curves in the literature are not true intersections. Those cross points due to the level repulsions in the dispersion curves imply mode anticrossing. The displacement fields of the two modes around the cross points interchange with each other abruptly. On the other hand, the other cross points appearing in the dispersion curves are true intersections which implies that the couplings between the modes are vanishingly small. The continuous displacements of the two wave modes around the cross points provide the continuous dispersion curves. The polarizations of the different modes could be used as the criterion of real or apparent cross points in the dispersion curves. Recently, the studies of photonic crystals have led to a rapidly growing interest in the analogous acoustic effects in phononic crystals or periodic elastic structures. Investigations on the band gaps of bulk acoustic waves in composite materials or phononic band structures have been conducted in the past decade. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] The dispersion relations and the band gap properties of the transverse and mixed polarization modes have been studied, 1-3 and experimental evidence was given for the existence of absolute acoustic band gaps. 4 The band gaps for out-of-plane propagation of elastic waves computed in the phononic band structure consisted of an anisotropic infinite square array of parallel quartz rods embedded in an epoxy matrix. 5 In Refs. 6-9, multiple scattering theory was applied to study the band gaps of bulk wave properties in threedimensional periodic acoustic composites and the band structure of a phononic crystal consisting of complex and frequency-dependent Lame' coefficients. The finite difference time domain method was used to interpret the experimental data of the two-dimensional systems consisting of cylinders of fluids (Hg, air, and oil) inserted periodically in a finite slab of aluminum host. 10 Recently, the phononic band gaps of the surface and bulk acoustic modes in twodimensional phononic structures consisting of general anisotropic materials were analyzed. 11 It is worth noting that there is nothing in the literature that analyzes and discusses the level repulsion effect in two-dimensional composite materials or phononic crystals. Level repulsion which avoids crossing in the distribution of eigenvalues is common knowledge within the physics community. The effect is a phenomenon that is likely to be encountered in any system where there are eigenvalues which depend on some parameter. [12] [13] [14] [15] This paper reports on the occurrence of level repulsion in the dispersion relations of the composite materials and phononic crystals. In this paper, the effects of the level repulsions between the different modes in the dispersion curves of two-dimensional composite materials (PMMA/Ni) and phononic crystals (Ni/PMMA) are analyzed and discussed. The criteria and conditions under which the cross points are distinguished as real or apparent are also discussed. We employed the plane wave expansion method to calculate the dispersion relations and displacement fields of all the bulk acoustic wave (BAW) modes, i.e., the transverse polarization modes [shear vertical (SV) mode with polarization along the filler direction] and mixed polarization modes [shear horizontal (SH) and longitudinal ͑L͒ modes with polarization lies in the plane perpendicular to the fillers]. The continuous displacements of the two wave modes around the cross points provide the continuous dispersion curves. The polarizations of the different modes could be used as the criterion of real or apparent cross points in the dispersion curves.
Recently, the studies of photonic crystals have led to a rapidly growing interest in the analogous acoustic effects in phononic crystals or periodic elastic structures. Investigations on the band gaps of bulk acoustic waves in composite materials or phononic band structures have been conducted in the past decade. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] The dispersion relations and the band gap properties of the transverse and mixed polarization modes have been studied, [1] [2] [3] and experimental evidence was given for the existence of absolute acoustic band gaps. 4 The band gaps for out-of-plane propagation of elastic waves computed in the phononic band structure consisted of an anisotropic infinite square array of parallel quartz rods embedded in an epoxy matrix. 5 In Refs. 6-9, multiple scattering theory was applied to study the band gaps of bulk wave properties in threedimensional periodic acoustic composites and the band structure of a phononic crystal consisting of complex and frequency-dependent Lame' coefficients. The finite difference time domain method was used to interpret the experimental data of the two-dimensional systems consisting of cylinders of fluids (Hg, air, and oil) inserted periodically in a finite slab of aluminum host. 10 Recently, the phononic band gaps of the surface and bulk acoustic modes in twodimensional phononic structures consisting of general anisotropic materials were analyzed. 11 It is worth noting that there is nothing in the literature that analyzes and discusses the level repulsion effect in two-dimensional composite materials or phononic crystals. Level repulsion which avoids crossing in the distribution of eigenvalues is common knowledge within the physics community. The effect is a phenomenon that is likely to be encountered in any system where there are eigenvalues which depend on some parameter. [12] [13] [14] [15] This paper reports on the occurrence of level repulsion in the dispersion relations of the composite materials and phononic crystals. In this paper, the effects of the level repulsions between the different modes in the dispersion curves of two-dimensional composite materials (PMMA/Ni) and phononic crystals (Ni/PMMA) are analyzed and discussed. The criteria and conditions under which the cross points are distinguished as real or apparent are also discussed. We employed the plane wave expansion method to calculate the dispersion relations and displacement fields of all the bulk acoustic wave (BAW) modes, i.e., the transverse polarization modes [shear vertical (SV) mode with polarization along the filler direction] and mixed polarization modes [shear horizontal (SH) and longitudinal ͑L͒ modes with polarization lies in the plane perpendicular to the fillers]. The continuous displacements of the two wave modes around the cross points provide the continuous dispersion curves. The polarizations of the different modes could be used as the criterion of real or apparent cross points in the dispersion curves.
In the following calculations, the formulation based on the plane wave expansion method presented in Ref. 11 was adopted. In an inhomogeneous linear elastic medium with no body force, the equation of motion of the displacement vector u͑r , t͒ can be written as
where r = ͑x , z͒ = ͑x , y , z͒ is the position vector and ͑r͒ and C ijmn ͑r͒ are the position-dependent mass density and elastic stiffness tensor, respectively. We consider a phononic crystal composed of a two-dimensional periodic array (x-y plane) of material A embedded in a background material B. Due to the spatial periodicity, the material constants ͑x͒ and C ijmn ͑x͒ can be expanded in Fourier series with respect to the twodimensional reciprocal lattice vectors (RLVs), G = ͑G 1 , G 2 ͒, as
where G and C G ijmn are the corresponding Fourier coefficients.
To utilize the Bloch's theorem and to expand the displacement vector u͑x , t͒ in Fourier series for bulk wave analysis, we have
where k = ͑k 1 , k 2 ͒ is the Bloch wave vector, is the circular frequency, and A G is the amplitude of the displacement vector of a bulk acoustic wave. Substituting Eqs. (2)-(4) into Eq. (1), and after collecting terms systematically, we obtain the eigenvalue problem of bulk waves as
where the n ϫ n matrices
Dispersion relations of all the bulk modes: pure SV, SH, and L modes along the ⌫-X section and the pure SV, quasi-SH, and quasi-L modes along the X-M section in PMMA/Ni composite materials with square lattice. The irreducible part of the Brillouin zone is shown in the inset.
FIG. 2. Dispersion relations of
all the bulk modes: pure SV, SH, and L modes along the ⌫-X section and the pure SV, quasi-SH, and quasi-L modes along the X-M section in Ni/PMMA phononic band structure with square lattice.
are functions of the Bloch wave vector k, components of the two-dimensional RLV, circular frequency , the Fourier coefficients of mass density G , and components of elastic stiffness tensor C G ijmn . n is the total number of RLVs used in the Fourier expansion and
T is the eigenvector used to calculate the displacement fields (polarizations)
It is worth noting that the eigenvalues (resonance frequencies) calculated from Eq. (5) are real by dealing with Hermitian operators, whereas the exceptional points considered in Refs. 12-14 have to do with complex eigenvalues. Equation (5) can be decoupled as the mixed polarization modes [i.e., longitudinal ͑L͒ and shear horizontal (SH)] and shear vertical (SV) modes with polarization of the displacement along the z direction (i.e., the filler's length direction). The explicit formulations of the plane harmonic bulk wave dispersion relations in such a phononic structure in Eq. (5) were listed in Ref. 11 . Consider the PMMA/Ni composite materials and Ni/ PMMA phononic band structures forming the twodimensional square lattices with lattice spacing a. Figures 1  and 2 show the dispersion relations of the bulk modes along the boundaries of the irreducible part of the Brillouin zone with filling fractions f = 0.5 and f = 0.6 respectively. In the calculations, the x-y plane is parallel to the (001) plane and the x axis is parallel to the [100] direction of Ni and PMMA. The elastic properties of the materials utilized in these two examples are adopted from Ref. 16 We note that the SH and L modes can be decoupled as pure modes in a specific propagation direction and become quasi-SH and quasi-L in the other propagation directions. 11, 18 As the elastic waves propagate along the x axis (⌫-X section), the nonvanishing displacements of the shear horizontal mode, shear vertical mode, and longitudinal mode are u y , u z , and u x , respectively. For the subsequent modes to appear, we denote them as the fundamental, first, and second modes, etc. For waves propagating along the other directions (i.e., in the X-M sections), they are indeed quasi transverse or longitudinal modes. For convenience, we used the notations of the pure modes at X point to designate the quasi modes in the X-M section.
The calculated results of the dispersion curves in the X-M section shown in Fig. 1 seem to show that the fundamental and the higher shear horizontal modes, quasi-SH 0 and quasi-SH 1 , cross over at point T 1 ; the dispersion curves of the higher shear horizontal modes and the higher longitudinal modes (quasi-SH 2 and quasi-L 1 ) crossover at points T 3 and T 4 . The dispersion curves of the shear vertical modes and higher shear vertical modes (SV 0 and SV 1 , SV 3 and SV 4 ) make crosses at points T 2 and T 5 in the X-M section. In Fig.  2 , the dispersion curves of the fundamental and the higher shear horizontal modes, quasi-SH 0 and quasi-SH 1 , cross over at point T 6 ; the dispersion curves of the two higher shear horizontal modes (quasi-SH 3 and quasi-SH 4 ) crossover at points T 7 . It is worth noting that the dispersion curves of the two higher shear horizontal modes in the ⌫-X section (SH 3 and SH 4 ) cross over at points T 8 . However, by decreasing the values of both of the frequency and the wave vector intervals in the calculations around the points of T 1 -T 8 (Fig. 3) , we 
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PHYSICAL REVIEW B 70, 214304 (2004) found that the intersections of the modes mentioned above are not true intersection, instead, these modes repel away from each other due to the level repulsions at these points.
To further examine the characteristics of the level repulsions at these points, we calculated the displacement fields of the SH 0 , SH 1 , and L 0 modes in PMMA/Ni band structure along all the boundaries of the irreducible part of Brillouin zone shown in Figs. 4(a)-4(c) , respectively. Along the ⌫-X section, the nonvanishing displacement of the shear horizontal mode is u y as expected and it vanishes at the band gap point X in Fig. 4(a) . As the propagating direction rotates away from the X point, one finds that u y remains very small; however, u x increases gradually until point T 1 . At this particular propagating direction, u x suddenly jumps to a very small value, while u y jumps from a small value to a finite value and then decays to a small value at the band gap point M. It is worth noting that in the SH 0 mode, the magnitudes of the displacements u x and u y in the ⌫-M section are equal due to the symmetry of the lattice arrangements. The relative amplitudes of the displacements ͉u x ͉ and ͉u y ͉ shown in Fig. 4 are normalized to the maximum value of ͉u y ͉ of the SH 1 modes in the ⌫-X section [ Fig. 4(b) ].
Similar to the displacement fields of the fundamental shear horizontal mode shown in Fig. 4(a), Figs. 4(b) and 4(c) show the calculated results of the displacement fields of the SH 1 and L 0 modes. From Fig. 4 , we found clearly that the level repulsion phenomena appear at the sharp bend of the dispersion curves. Through detailed calculations, we found the similar results occurring at points T 3 and T 4 in Fig. 1 and points T 6 , T 7 , and T 8 in Fig. 2 . It is worth noting that level repulsion not only exists in the mixed modes (SH, L) but also in the decoupled SV modes. For example, level repulsion phenomena occur between SV 0 and SV 1 modes ͑T 2 ͒, SV 3 and SV 4 modes ͑T 5 ͒ in the X-M section of Fig. 1 . Figure 5 shows the displacement fields around point T 2 . The vertical axis is the displacement responses and the horizontal axis is the angle rotated from the X point. In Fig. 5 , around the point T 2 , we observe that the phenomenon and the displacement responses jump rapidly and interchange with each other. From the results shown above, we conclude that in the dispersion curves, the displacement fields change rapidly and interchange with each other around those points where level repulsions occurred.
On the other hand, we note that the other cross points in the dispersion curves of Figs. 1 and 2 are real, i.e., the dispersion curves are true intersections. The reason for causing the true intersections of the dispersion curves is due to the vanishing small mode couplings. To further demonstrate that the cross points appeared in the dispersion curves of Figs. 1 and 2 are whether real or apparent, we calculated the displacement fields of the different modes around the cross points R 1 [ Fig. 6(a) ] and T 1 [ Fig. 6(b) ] in the ⌫-X and X-M sections of Fig. 1 . The cross point R 1 represents the intersection of the L 0 mode and SH 1 mode with propagating direction along the x axis. As shown in Fig. 6(a) , the nonvanishing displacement of the L 0 mode ͑u x ͒ and the SH 1 mode ͑u y ͒ are continuous through the ⌫-X section and therefore it is confirmed as a real cross point; that is, there is no coupling between these two modes. Figure 6(b) shows the apparent cross-point in the X-M section of Fig. 1 . Two sharp changes of u x and u y between the quasi-SH 1 and quasi-SH 0 modes are found. We note that as the propagation direction turning away from the X point, those SH modes are not pure SH modes; instead, they are quasi transverse mode and coupled with the longitudinal mode.
The ultranarrow band gaps induced by the level repulsion in composite materials or phononic crystals may be sorted into two groups: Group I (T 2 , T 3 , and T 4 ) and group II (T 1 , T 5 , T 6 , T 7 , and T 8 ). The bends of the dispersion curves in group I are smooth, no frequency gap exists between the two dispersion curves. In group II, the sharp bends of the dispersion curves induce a very small frequency band gap width. For example, the width of the band gap around the T 1 point is 0.000026* and located rotated 20.35°from the X point.
In summary, we have examined the level repulsion phenomena of BAW modes in two-dimensional composite materials and phononic band structures. From the detail calculations of the dispersion curves and the displacement fields of BAW modes in the k space, we observed the level repulsion and the peculiar effects on the displacement fields of the modes. We found that the cross points of the modes appeared in the dispersion curves of Figs. 1 and 2 are apparent due to the strong mode couplings. The dispersion curves around the apparent cross points, in fact, approach to each other and then bend away follow the trace of the opposite mode. Furthermore, the displacements of the two modes around the cross points interchange with each other abruptly. On the other hand, the other cross points appeared in the dispersion curves of Figs. 1 and 2 are real and in fact they are due to the vanishing small mode couplings. The continuous displacements of the two wave modes around the cross points provide the continuous dispersion curves. Finally, the polarizations of the different modes due to the level repulsions could be used as the criterion of real or apparent cross-points in the dispersion curves.
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